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abstract 



Trace anomaly for dilaton coupled conformal theories on curved back- 
ground with non-zero dilaton is found from supergravity side as an IR effect 
using AdS/CFT correspondence. For d — 2 it coincides with the confor- 
mal anomaly for dilaton coupled scalar (up to total derivative term which is 
known to be ambiguous) . In four-dimensional case we get conformal anomaly 
for M = 4 super YM theory interacting with conformal supergravity. In the 
same way the calculation of dilaton dependent conformal anomaly in higher 
dimensions seems to be much easier than using standard QFT methods. 
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AdS/CFT correspondence 0, [J attracted a lot of attention recently. 
This correspondence between string theory on specific background and con- 
formal field theory is simplified for large N (where N is the number of co- 
incident branes) and small string coupling. In this case, the left hand side 
of conjecture relation, i.e. string partition function in supergravity approxi- 
mation may be reduced to exponential of the supergravity action functional 
which is calculated on the background under consideration (bulk) with the 
account of classical equations of motion and some boundary conditions. The 
right hand side is given by generating functional of correlation functions in 
the conformal field theory on the boundary. This partition function may be 
also considered as the one corresponding to the coupling of conformal matter 
with conformal supergravity J7|. 

Recently conformal anomaly (for a general review and list of refs., see 
[0]) for conformal field theories in d = 2,4,6 has been derived from the 
supergravity side using above AdS/CFT correspondence in ref.||. Such cal- 
culation explicitly demonstrates that conformal anomaly which usually has 
an UV origin as it is almost associated with the corresponding divergent ef- 



fective action (see |L0| for a review) may arise as an IR divergence in bulk 
theory (so-called IR-UV connection in holographic theories ||12|| ). 

From another side recently conformal anomaly has been calculated by 
usual QFT methods for dilaton coupled conformal matter on curved back- 
ground with non-trivial dilaton. For 2d dilaton coupled scalar with arbitrary 
dilatonic coupling it has been first calculated in ref.[l3|] (see also || and for 
special choice of dilatonic coupling, seejnj]). For 4d dilaton coupled scalars 
and vectors the conformal anomaly has been found in refs. || [15], [L6| . 

The main purpose of our work is to find holografic conformal anomaly 
for dilaton coupled conformal field theory from supergravity side (using 
AdS/CFT correspondence). We use the same methods as in ref.0 where 
such result has been obtained in the absence of background dilaton. The 
final expression for conformal anomaly is given for d = 2 and d — 4. It is 
shown that for d — 2 it coincides with the conformal anomaly for 2d dilaton 
coupled scalar [TB|, |5| and it is actually unique (up to total derivatives terms 
[§, HU). For d = 4 we get just conformal anomaly of M = 4 U(N) or SU(N) 
super YM theory coupled with Af = 4 conformal supergravity. 
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We start with the action of d + 1-dimensional dilatonic gravity 



S 



d d+1 x\/- 



d+l 



16ttG 

+ / d d xJ^j (2VX + a] 



6{R + X(0)(V0) 2 + Y{<p)h<p + 4A 2 } 



Here M^+i is the d+l dimensional manifold whose boundary is the d di- 
mensional manifold M d and n M is the unit normal vector to M d . In Eq.(TT]) 
X(<ft) and Y((p) are arbitrary functions depending on dilaton cf). Note that 
the arbitrariness of X((f>) and Y((p) is not real but apparent one. In fact, if 
we define new dilaton field tp by 



if = ( dc/>yj2V(<f>) , V{<j>) ee X{4>) - Y' (0) 



(2) 



the action (|T|) can be rewritten by using partial integration as follows: 

1 



S 



16nG 



+ / d a x\ l-g 
JM d v 



d d+1 x\/-G {R + 2(Vy?) 2 + 4A 2 } 
_ (2VX + « + Y(4>)n^(f) 



(3) 



The dependent term on M d does not finally contribute to Weyl anomaly. 
We keep, however, X(0) and Y(<p) as arbitrary functions for the later con- 
venience. Note also that boundary term may be used to present the action 
as the functional of fields and their first derivatives 

As in 0, we choose the metric G^ u on M d+1 and the metric g^ u on M d 
in the following form (see also ||): 



ds 2 



9ij 



P 9ij 



72 d 

—p~ 2 dpdp + V] gijdx l dx^ 
4 i=i 



(4) 



Here I is related with A 2 by 4A 2 = —d(d — l)// 2 . Note that the expression 
of the metric (^) has a redundancy. In fact, the expression (^) is invariant if 
we change p and <7y by 



5p = 5a p , 5gij = bag 



1*3 ■ 



(5) 



3 



Here 8a is a constant parameter of the transformation. The transformation 
(^D can be regarded as the scale transformation on Md- 

Using the expression (Q), we find that the unit vector n M normal to Md 
can be given by (o, 0, ■ • • , 0, and we find 

VX = -j + 72% • (6) 

Here " ' " expresses the derivative with respect to p. We also find that the 
scalar curvature R has the following form 



d 2 + d 
7 



R = —p^— + pR 



ij kl I / I 

n" -L- ^ n^i n' n' ( 7\ 

'9 9ij tt9 9 9ik9ji ~\ tt9 9ij Try 9 9ij9ki \ 1 ) 



Here R is the scalar curvature on Md- 

When d is even, we can expand and p as power series of p as in ||: 

4> = 0(o) + p4>{i) + P 2 <fi(2) H P^4>(d/2) - P* InpV + 0(p^ +1 ) (8) 

ftj = 0(o)*j + P9(i)ij + P 2 9(2)ij H h P*9(d/2)ij - P^ lnph i:j + 0(pi +l ) . 

Here we regard 0m) and ^m)ij as independent fields on Md and 0m, gmij (I = 
1, 2, • • ■), -0 and hij as fields depending on 0( O ) and y"(o)r/ by using equations of 
motion. Then the action ([]]) diverges in general since the action contains the 
infinite volume integration on M^+i- The action is regularized by introducing 
the infrared cutoff e and replacing 

J d d+1 x -> J ' d d x J dp , d d x(- • •) y d d a; (■ • -)|^_ e . (9) 

As discussed in ||, the terms proportional to the (inverse) power of e in the 
regularized action are invariant under the scale transformation 

5g(pyv = 25^(0)^ , 5e = 25ae , (10) 

which corresponds to (|5|). Then the subtraction of these terms proportional 
to the inverse power of e does not break the invariance under the scale trans- 
formation. When d is even, however, the term proportional to In e appears. 
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The term is not invariant under the scale transformation fllCf ) and the sub- 
traction of the In e term breaks the invariance. The variation of the In e term 
under the scale transformation ( |T0D is finite when e — > and should be can- 
celed by the variation of the finite term (which does not depend on e) in the 
action since the original action ([I]) is invariant under the scale transforma- 
tion. Therefore the lne term S\ n gives the Weyl anomaly T of the action 
renormalized by the subtraction of the terms which diverge when e — > by 

1 

Sin = / d A x^-g (0) T . (11) 

First we consider the case of d = 2. Choosing a to satisfy the equation 
a = I and using the replacement in (|9]), we find the action ([I]) has the 
following form 

S = ~16^G2 lne J d2x \f~9(°) { R i°) + X O(o))(V0( O )) 2 

+F(0(o))A0 (O )} + finite terms . (12) 



Then we find an expression of the Weyl anomaly T by using (11 



T = Y^{ i? (o)+W(o))(V0(o)) 2 + n0(o))A0 (O )} • (13) 

The trace anomaly for N dilaton coupled matter scalar fields whose action 
is given by 

1 r N 
S = d 2 x^f(4>)g^ £ d^XiduXi (14) 
A J i=i 

has been calculated in Ref.[|rj, ^]. The result corresponds to 

I N I N ff" f' 2 \ 



16ttG 24tt ' 16nG v ^ ;/ 4tt ^2/ 4/ 2 y 
I N f 

; Y (<t>(o)) = --r-h ■ (is) 



16ttG " An 2 f 

The above result should give the conformal anomaly computed from the 
asymptotic symmetry algebra of AdS3 with dilaton, as it was the case in the 
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absence of dilaton (TTJ . Substituting (fT5|) into ([[]) and integrating it by parts, 
we find 



s v 



24vr/ 



J d d+1 xj^6 {R - 6(V0) 2 + 4A 2 } 



+ / d d xJ^g~ f2V M n M + a + 6n^V^ 



(16) 



Here = -\\nf{4>). Note that we can forget the classical kinetic term of 
the dilaton (with gravity) when we only consider the anomaly from scalars 
coupled with dilaton as in (|14|), for example, in case of large N. Therefore 
we can freely redefine the dilaton field, say we can regard <fi = — |ln/(0) 
with the redefined dilaton field for the arbitrary (positive) dilaton function 
/(</>). Then with these redefinitions, the resulting anomaly is almost unique 
although it is still general, up to total derivative terms. 

We now consider the case of 4 dimensions. Tedious calculation similar to 
that in 2 dimensions leads to the term S'ln proportional to In e in the action 
in the following form: 

Sln = 16ttG / d * x ^J~ 9 ^ 2l 9 (o) 9 (o) (9(o)ij9(o)ki ~ 9(o)ik9(o)ji) 

+ ^ ( Rt (o) - ^(0)^(0)) 9m 

2 I 

-y (^O(o)) - ^'(0(o))) 0(i)0(i) - 2 X '(0(o))0(i)^(o)^0(o) 5 i0(o) 

-^(0(o))#fo)^0(o)<9j0(i) + ^-X"(0(o))</|o)5(o)5(i)fci 9 <^(o)9/0(o) 

-^(0(O))^O)^(l)fc/C/;o)^0(O)^0(O) 

~2 F/ (0(o))0(i) ^g^ di {\f-9(o)9 l (o)dj<t>(o)) 

~ l 2 Y ^^^=^ d% {\/~ 9 ( ) (^9§)9(m9^) - 9(0)9(0)9(1)^ dj 
Here we choose a to be a = |. Solving the equations of motion given by the 
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variation of S\ n with respect to <7(i)ij and (f>(i)ij, 



U - 9( )9(o)9(i)kl - 9(o)9(o)9(m 



If- 1 \ 
+ 2 [ R io) - J 

"^(0(0)) ( \g% )t fa - 9^4) ) MoMo) ( IS ) 



-K(0 (o) )0(l) + 1 /, (0 ( o))^ o) 9i0 (O )9 i ( o) 

2 

9, (^(0(o)) v / ^(o)'^(o) ,9 i ( / , (o)) (19) 



V9(o) 

g(i)ij and can be given in terms of g(o)ij and 
I 2 1 



I f 1 
9(i)ij = [Rwj ~ Q9(o)ijR(o) 



I 2 



+ 2"l / (0(o)) ( ^0(o)5j0(o) - Q9(o)ij9(o) d k<P(o)di(f)(o)) (20) 
= ¥ { 7^y g (Q) a ^(°) a ^(°) + 2 ^= dl {\/ -9(0)9^)9^(0)) J(21) 



Here V(0 (O )) is defined in (|). Substituting (f20|) and (gT|) into (JTT|) and 
integrating it by parts, we find 



I 3 



Sin = 



+ ^-^- ^(0)9^(0)9^(0) ~ V ^ 2 (0) ^ R(o)9( ) ^0(0)^-0(0) 
+ ^ g (0) fffo) 9 k 4>(o)9i(t>(o) ^1— 9i ( ^-g(o)9 l (o) dj<P(o) ) 

+^{^= a .(«S)^<»»)} 



(22) 



Using the field <^( ) defined by 



¥>(o) = / ^(0)^2^(0(0)) (23) 



in a similar way to (0), we can rewrite ( 22]) as follows 



I" 



in 



--R(o)ij-R(o) - ^4^(0) 



16vrG 

1 .. 1 r 

+ 2^(0)^(0)^(0) - -^(0)^(0)^^(0)^-^(0) 

+ i { 7^^ ^ (\f-9m9 l (o) d mo)) } + \ (^(o) 9 ^(o) 5 i^(o) 



(24) 



The Weyl anomaly coming from the multiplets of A/" = 4 supersymmetric 
U(N) or S 1 ?/ (iV) Yang- Mills coupled with M = 4 conformal supergravity was 
calculated in 0:0 



T 



iV 2 r / l 

2(%^--/t >2 ) /■"/■; 



4(4tt 



+4<(2(^--^)^*9^ 



(25) 



=9, 



-gg lJ dj(p 



+ 



Here Fjj is the field strength of SU(4) gauge fields, is a complex scalar 
field which is a combination of dilaton and RR scalar and "• • •" expresses the 
terms containing other fields in M = 4 conformal supergravity multiplet and 
higher powers of the fields. 
If we choose 

I 3 2N 2 
16ttG ~ (4tt) 2 ' ( ' 

and consider the background where only gravity and the real part of the 
scalar field <p in the M = 4 conformal supergravity multiplet are non-trivial 
and other fields vanish in (p^j), Eq. (p4|) exactly reproduces the result in (p5|) 
by using ( |i~l~| . 

Hence, we got d = 2 and d = 4 holografic conformal anomaly for dila- 
ton coupled theories from supergravity side. The results of this study give 
further check of AdS/CFT correspondence in the presence of dilaton. It is 
also possible to extend this work and to find dilaton dependent conformal 
anomaly in higher dimensions, like d = 6, 8 etc. However, such calculation is 



3 See Eqs.(2.5) and (2.6) in §. 
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very complicated as even in case of d = 6 the number of invariants in con- 
formal anomaly is rapidly growing. Nevertheless, using some classification 
of invariants (see, for example, |T7|, |TB|) may significally simplify the result. 
Note that d = 6 conformal anomaly for (0, 2) theory has been found in || 
very recently on purely gravitational background. 
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